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ABSTRACT 

Six  coordinate  frames r e l evan t  t o  t h e  operat ion of a radar-  
a ided strapdown i n e r t i a l  navigat ion system are def ined and the  re- 
l a t i o n s h i p s  between these  frames are es t ab l i shed .  
pressions f o r  t he  s p e c i f i c  force  are der ived  f o r  t h e  cases of com- 
puta t ion  i n  the  l o c a l  geographic frame and i n  the  tangent  coordinate  
frame. An algori thm f o r  t h e  so lu t ion  of t h e  d i r e c t i o n  cosine matr ix  
i s  indicated.  Approximate a n a l y t i c  r e l a t i o n s  are der ived which re- 
la te  t h e  change i n  l a t i t u d e  and longi tude t o  the  radar  coordinates .  

Analyt ic  ex- 
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STRAPDOWN NAVIGATION EOUATIONS FOR 

GEOGRAPHIC AND TANGENT COORDINATE FRAMES 

1 . INTRODUCTION 

The i n i t i a l  naviga t ion  system t e s t i n g  performed by N.A.S.A. 
E.R.C. (Phase I B )  u t i l i z e d  a space s t a b i l i z e d  i n e r t i a l  navigat ion 
system and a ground based t r ack ing  radar .  I t  w a s  found convenient 
t o  perform t h e  nav iga t iona l  computations i n  a tangent  plane co- 
o r d i n a t e  frame which has  i t s  o r i g i n  a t  t h e  r a d a r  s i te  o r  a t  t h e  
takeoff  o r  landing poin t .  The Phase I1 test e f f o r t  w i l l  involve 
a strapdown i n e r t i a l  naviga t ion  system with,  a t  least temporar i ly ,  
t h e  same t r ack ing  radar .  I t  is  hoped, however, t h a t  i n  t h e  fu- 
t u r e  o t h e r  naviga t iona l  a i d s  can be incorporated,  such as D.M.E., 
I.L.S., Decca, etc. 

The ques t ion  n a t u r a l l y  arises as t o  whether t he  tangent  compu- 
t a t i o n a l  frame should cont inue t o  be used i n  t h e  Phase I1 tes t  e f -  
f o r t .  Since t h e  tangent  frame has been success fu l ly  used i n  the  
p a s t ,  t h e r e  is some f e e l i n g  i n  favor  of i t s  continued use. On t h e  
o t h e r  hand, s i n c e  the Phase I1 e f f o r t  involves  t h e  development 
and t e s t i n g  of a hybrid navigat ion system for  a genera l  class of 
VTOL a i r c r a f t ,  it is d e s i r a b l e  t o  have area navigat ion c a p a b i l i t y .  
This  would involve t h e  use of a re ference  frame which i s  n o t  d i -  
r e c t l y  t i e d  i n t o  a base point .  The local geographic r e fe rence  
frame is a l i k e l y  candidate  i n  t h i s  regard s i n c e  it is  mechanized 
i n  v i r t u a l l y  a l l  of t h e  aircraft i n e r t i a l  naviga t ion  systems 
b u i l t  t o  date .  

It  is  t h e  ob jec t ive  of t h i s  paper, t he re fo re ,  t o  spec i fy  t h e  
nav iga t iona l  equat ions t o  be used i n  t h e  Phase I1 tes t  e f f o r t .  
These equat ions w i l l  be  der ived  for  both a local geographic and 
tangent  p lane  computational frame. 
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2. FRAME DEFINITIONS 

I t  w i l l  be convenient i n  t h e  work which follows t o  d e f i n e  
s i x  orthogonal,  right-handed coordinate  frames: 

I n e r t i a l  frame Q "i" Q Earth centered,  i n e r t i a l l y  
nonro ta t ing  frame . 
Geographic frame Q "nrr Q local north-east-down 
frame with o r i g i n  a t  t h e  system's  l oca t ion .  

Body frame Q "b" Q frame mechanized by t h e  in- 
e r t ia l  s e n s o r ' s  s e n s i t i v e  axes w i t h  o r i g i n  a t  
t h e  system's  loca t ion .  

Ear th  frame Q 'le'' Q E a r t h  cen tered  frame which 
is  f ixed  t o  t h e  Earth. 

Tangent frame Q "t" Q e a r t h  f ixed  frame with 
o r i g i n  a t  t h e  r ada r  l oca t ion  which i s  a l igned  
with t h e  local geographic frame a t  t h e  r ada r  
site. 

Radar frame Q 'lrO Q s p h e r i c a l  coordinate  frame 
defined by r ada r  range, heading, and e l eva t ion  
with o r i g i n  a t  t h e  radar  site. 

Figure 2 . 1  i l l u s t r a t e s  t h e  r e l a t i o n s h i p s  between t h e  ,nert,al, 
geographic, e a r t h ,  and tangent  frames. N o t e  t h a t  a t  t = 0, t he  
i n e r t i a l l y  f ixed  r e fe rence  meridian,  earth frame meridian,  and 
local meridian are coincident .  Thus w e  have t h a t  

x = R - R, + uiet 

where 

1 Q celestial  longi tude  

R Q terrestrial longi tude from Greenwich 

Q i n i t i a l  terrestrial  longi tude f r o m  Greenwich 

w Q E a r t h ' s  angular  v e l o c i t y  

t Q t i m e  
i e  
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I n e r t i a l l y  Fixe 
Reference Meridia 

i 
Greenwich 
Meridian 

Local Meridian 

Earth Frame 
xi 

Figure 2 .1  Q Coordinate Frame Geometry 
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Figure 2.2 shows t h e  r e l a t i o n s h i p  between t h e  r ada r  and tan- 
gen t  frames. 

X 

Figure 2.2 % Radar and Tangent Frame Relat ionship 

Thus t h e  l o c a t i o n  of t h e  a i r c r a f t  i n  tangent  coordinates  i s  given 
by: 

W e  now l i s t  t h e  r e l a t i o n s h i p s  between t h e  var ious  coordinate  
frames : 

2.1 Inertial-Geographic 
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0 

- s in  L 
cos L1 -s in  L cos A - s in  L s i n  h 

- s in  h cos h 
-1 

-cos L cos h -cos L s i n  h 
where: cn = [  

n w .  'L angular  v e l o c i t y  of the geographic frame w i t h  -in r e s p e c t  t o  t h e  i n e r t i a l  frame 

2.2 

L 'L geographic l a t i t u d e  

Cn 'L coord ina te  t ransformation matr ix  r e l a t i n g  iner -  

'L s u p e r s c r i p t  on vec tor  denotes coord ina t i za t ion  

t i a l  coordinates  t o  geographic coordinates  

i n  t h a t  re ference  frame 

-1 

n 
(-) 

Iner t ia l -Tangent  

t e .  = 
-1 

where: 

t -  - {wie cos L~~ 0, --w s i n  L ~ I  
i e  w -it 

- s in  Lo cos w i e t  - s in  Lo s i n  w i e t  cos Lo 

- s in  w i e t  COS U i e t  0 

-COS Lo COS w i e t  -COS Lo s i n  U i e t  - s in  Lo 

Lo 'L geographic l a t i t u d e  a t  o r i g i n  of tangent  plane 

2 3 Tangent-Geographic 

n 0 

= {R cos L,  -i, -i s i n  L) 

(2.5) 

(2 .7 )  
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The above 
expansion 

sin L sin Lo cos(R-R,) + cos L cos Lo -sin sin(R-R,) 

sin Lo sin(R-R,) cos (2-2,) 

sin Lo cos L cos(R-R,) - sin L cos Lo -cos L sin(R-Ro) I 
(2.8) 1 sin L cos Lo cos(R-R,) - sin Lo cos L 

cos Lo sin(R-1,) 

cos L cos Lo cos(R-R,) + sin L sin Lo 

transformation matrix can be approximated through series 
to apply to situations where the origin of the tangent 

and geographic frames are separated by only a short distance. The 
second order approximation to equation (2.8) is given by: 

.I 

A L ~  A R  -AR(sin Lo+AL COS Lo) AL - -4- A R 2  sin2Lo 1 - - sin2Lo 2- 

A R  sin Lo A R 2  
l - 7  CIR cos Lo 

AL2 A R 2  -AR(cos Lo-AL sin Lo) 1 - - - 
2 

where: 

AL = L - Lo 
A R  = R - R, 

It follows that the linear approximation to equation (2.8) is given 
by: 

1 

1 -AR sin Lo 

1 

-AL -AR COS Lo 
-t - (2.10) 
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GEOGRAPHIC FRAME MECHANIZATION 

Strapdown systems are characterized by their lack of gimbal 
support structure. The systein is mechanized by mounting three 
gyros and three accelerometers directly to the vehicle for which 
the navigation function is to be provided. An onboard digital 
computer keeps track of the vehicle's attitude with respect to 
some reference frame based on information from the gyros. The 
computer is thus able to provide the coordinate transformation 
necessary to coordinatize the accelerometer outputs in a refer- 
ence frame. Navigation computations proceed in exactly the same 
fashion as for platform systems. 

A functional block diagram for a strapdown system which com- 
putes in the geographic reference frame is shown in figure (3.1). 

Velocity 
Position 
Atti tude 

Figure 3.1 Geographic Frame Strapdown System 
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3.1 Navigation Equations 

s p e c i f i c  f o r c e  coord ina t ized  i n  body axes: 
The outputs  of t h e  accelerometers are equal  t o  the nonf i e ld  

where: 

- f 'L nonf i e ld  s p e c i f i c  f o r c e  exe r t ed  on t h e  instruments  

- G % g r a v i t a t i o n a l  a c c e l e r a t i o n  a t  t h e  instrument l o c a t i o n  

- 'L i n e r t i a l l y  referenced acce le ra t ion  

Af te r  t ransformation i n t o  geographic axes,  equation 3.1 can 
be w r i t t e n  as a func t ion  of the  geographic l a t i t u d e ,  L ,  celestial 
longi tude,  A ,  and t h e  r a d i i  of curva ture  r L  and rfi as follows: 

1 l r  ( X 2 - w ~ ~ )  s i n  2~ + 2;Li, - Gesin 2~ - <g 

r; 

ZR 
L - 2rfif , isin L + 2;fiic0s L + ng 

-g - 2 - rLLesin 2~ + r f i ( i2  - w 2 cos2  L + - i2 i e  r 

(3.2) 

where : 

rL 2 r(1 - 2 e  cos  2L3 

'L r ad ius  of curva ture  i n  meridian plane 

r 1 r (1 + 2 e  s in2L)  R 
'L r ad ius  of curvature  i n  co-meridian plane 

5 % meridian d e f l e c t i o n  of t h e  vertical  ( p o s i t i v e  about east) 

11 'L prime d e f l e c t i o n  of t h e  vertical  ( p o s i t i v e  about north)  

e % Ear th ' s  e l l i p t i c i t y  Z 1/297 

g c\, magnitude of g r a v i t y  
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f n  = -compensated 

Equation 3.2 is  an approximate expression which conta ins  terms 
which are g r e a t e r  than 2 x lO'5g for  t h e  fol lowing maximum va lues  
of veh ic l e  motion: 

.. 
rRAcos L 

. 
= i,, S 1 . 6  x rad/sec Lmax 

f t  (340 v e l o c i t y )  

. 
rmax L 100 f t / s e c  

Emax 2g 

Those l i m i t s  correspond t o  those  which one would expect  t o  en- 
counter i n  an a i r cka f  t app l i ca t ion  such 
r e f .  1 f o r  t h e  d e t i a l s  of t h e  de r iva t ion  

Navigat ional  information i s  r e a d i l y  
Coriolis and c ross  coupling compensation 
then 

as a he l i cop te r .  See 
of eq. 3.2. 

obtained from f n  s ince ,  i f  
i s  provided in-eq. 3.2, 

La t i t ude  and longi tude can then be found by a double t i m e  in tegra-  
t i o n  of the nor th  and east s p e c i f i c  fo rce  measurements, respec t ive ly .  

R e f .  1. B r i t t i n g ,  "Analysis of Space S t a b i l i z e d  I n e r t i a l  Naviga- 
t i o n  Systems," M.I.T. E.A.L. Report €E,-35, 1968. 
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Figure 3.2 i l l u s t r a t e s  t h e  computation i n  d e t a i l .  

Cn -b 

i e  w 

. 
A, cos L, 

Figure 3 .2  Q Geographic Computation Scheme 

I n  Figure (3-2) t h e  s u b s c r i p t  "c" denotes a computed phys ica l  
quant i ty .  I n  addi t ion ,  it w a s  noted t h a t  t h e  Ea r th  referenced 
ve loc i ty ,  coordinat ized i n  geographic axes i s  given by ( t o  an 
accuracy of b e t t e r  than 0 . 1  f t / s e c  f o r  a i r c r a f t  a l t i t u d e s ) :  
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(3.3) 

As is  shown i n  Figure (3 .2) ,  t h e  computation scheme assumes t h a t  
t h e  e f f e c t i v e  nor th  and east accelerometer outputs  are given by 
the nor th  and east components of equat ion (3.2).  Thus the  in-  
d i c a t i o n  of l a t i t u d e  and longi tude  is found by sub t r ac t ing  o f f  
t h e  C o r i o l i s  and c ross  coupling t e r m s  from t h e  components of 
equat ion (3.2).  Thus 

(ik-wie)sin2~c-2; i +E e s i n 2 ~ ~  Lc c c = f N  -- r .* r 
LcLc C &c 

.. . . iccos Lc 
X s i n  Lc - 2 r R  

C C 
r hc cos Lc Rc 

(3.4) 

(3.5) 

N o t e  t h a t  t he  d e f l e c t i o n  of t h e  v e r t i c a l  t e r m s  cannot be included 
i n  t h e  above expression s i n c e  no knowledge of their  magnitudes i s  
assumed. 

Now t h e  computed expressions f o r  the  radi i  of curva ture  are 
given by: 

and 
by : 

r = rc ( l  - 2e cos 2Lc) 
LC 

I: = r (1 + 2 e  s i n 2  Lc) 
C % 

he  calcula-ed magnitude of t h e  E a r t h  r ad ius  vec to r  is  given 

(3.7) 

rc = r + hc 
OC 

where 
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r % ca lcu la t ed  l o c a l  geocen t r i c  Ea r th  r ad ius  magnitude 
-, 

OC - re ( l  - e s i n 2  L ) [maximum error: 150 f t ]  

% est imated he igh t  above t h e  re ference  E a r t h  model's 
C 

su r f ace  hC 

% E a r t h ' s  e q u a t o r i a l  r ad ius  re 

The t ransformation from body t o  geographic axes i s  s p e c i f i e d  
by using a combination of information from t h e  strapdown gyros 
with information generated wi th in  t h e  nav iga t iona l  computation 
loop (see f i g u r e  3.1) .  The t ransformation i s  generated by solv- 
ing  t h e  mat r ix  d i f f e r e n t i a l  equation: 

where i s  the skew symmetric r ep resen ta t ion  of t h e  angular  
v e l o c i t y  of t h e  body frame with r e s p e c t  t o  t h e  geographic frame: 

(3.10) 

The angular ve loc i ty  of the geographic frame wi th  r e spec t  t o  t h e  
i n e r t i a l  frame is j u s t  t h e  computed vers ion  of equat ion (2.3) :  

0 

(Win 1 c = {ic cos Lc, -ic, - I C  s i n  L} (3.11) 

Equation (3.9) can a l t e r n a t e l y  be  i n t e r p r e t e d  a s  a shorthand 
way of wr i t i ng  nine simultaneous d i f f e r e n t i a l  equat ions i n  n ine  
unknowns, as can be seen by w r i t i n g  it o u t  i n  component form: 
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The s o l u t i o n  of equat ion (3.9) f o r  t h e  d i r e c t i o n  cos ines  can 
be done i n  a v a r i e t y  of ways. I f  single-degree-of-freedom, delta- 
modulated instruments  are used, t h e  gyro output  angle  is sampled 
and passed i n t o  a zero order hold c i r c u i t .  Pulse  torquing is then  
appl ied  t o  t h e  gyro f l o a t  t o  n u l l  t h e  instrument.  Weiner ( R e f .  2) 
shows t h a t  f o r  t h i s  mechanization each output  pu lse  i s  propor t iona l  
t o  t h e  i n t e g r a l  of t h e  inpu t  angular ve loc i ty .  Thus t h e  output  of 
t h e  instrument  r ep resen t s  an angular r o t a t i o n  about t h e  i n p u t  a x i s  
equal  t o  A 8 .  This property can be exp lo i t ed  i n  t h e  s o l u t i o n  for  
t h e  d i r e c t i o n  cosine ma t r ix  i f  one cons iders  a Taylor series ex- 
pansion of 2 i n  A t :  

.. 
- C ( t  + A t )  = - C ( t )  + t(t) - A t  + $ C ( t )  A t 2  + 5.c A t 3  + .... (3.12) 

where - C t  = - C for  no t iona l  s impl i c i ty .  

But app l i ca t ion  of equat ion (3.9) y ie lds :  

C ( t  + - 1 = - C ( t )  [I - + - G? A t  + 'z (E2 + - h ) A t 2  + 

I f  t h e  first two terms of t h e  expansion are used, 

- C ( t  + A t )  = - C ( t )  + - C ( t )  A 8  - 

... .I (3.13) 

(3.14) 

where it w a s  noted t h a t :  

and A8 is a s k e w  symmetric mat r ix  composed of t h e  gyro outputs  Aek, 
k = x, y ,  z. The r e s u l t  shown i n  equation (3.14) could,  of course,  
have been shown by applying the d e f i n i t i o n  of t h e  d e r i v a t i v e  d i r e c t l y  
t o  equat ion (3.9) .  

- 

I f  t h e  computational a lgori thm of equation (3.14) i s  used, 
which corresponds t o  a rec tangular  i n t e g r a t i o n  scheme, then  t h e  

Ref .  2, Weiner, "Theore t ica l  Analysis of G i m b a l l e s s  I n e r t i a l  
Reference Equipment Using D e l t a  Modulated Instruments," 
Sc.D.  Thesis,  Department of Aeronautics and A s t r o -  
n a u t i c s  1962. 
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algori thm e r r o r  ( t r u n c a t i o n  error) is  approximately given by t h e  
t h i r d  t e r m  of equat ion (3.13) : 

(3.15) 

Thus t h e  t i m e  s t e p ,  A t ,  must be chosen such t h a t  t h e  errors r e s u l t -  
i ng  from t h e  vflhicle angular  v e l o c i t y ,  Q ,  and t h e  v e h i c l e  angular  
acce le ra t ion ,  !2, s a t i s f y  t h e  e r r o r  budgzt. I n  addi t ion ,  t h e  f i n i t e  
computer word i e n g t h  causes the occurrence of "round-of f 'I error. 

3.2 U t i l i z a t i o n  of Radar Information 

I n  o rde r  t o  use t h e  r ada r  information t o  update t h e  i n e r t i a l  
naviga t ion  system, the r a d a r  vec tor ,  equat ion (2.2), must be  ex- 
pressed as a func t ion  of l a t i t u d e  and longitude. 

Latitude-Radar Relat ions 

The development f o r  t he  l a t i t u d e  r e l a t i o n s h i p  i s  motivated by 
f i r s t  w r i t i n g  t h e  system p o s i t i o n  vec tor  i n  i n e r t i a l  coordinates  
(see f i g u r e  2 . 1 ) :  

r i  = - 
s i n  Lg 

where: 

Lg %geocent r ic  l a t i t u d e  

Then it follows tha t :  

(3.16) 

I n  o rde r  t o  so lve  eq. (3.16) . f o r  Lg, it w i l l  be necessary t o  ex- 
p re s s  t h e  rz i  component of - rl  i n  terms of &. 
2 . 1  t h a t :  

where 

I t  i s  seen f r o m  f i g u r e  

- r = & + &  

- r % system geocen t r i c  p o s i t i o n  vec to r  

-0 r % radar geocen t r i c  pos i t i on  vector 

- p % p o s i t i o n  vec tor  from the  radar ( o r i g i n  of tangent  frame) 
t o  the system p o s i t i o n  

Thus t h e  system p o s i t i o n  vector, coordinat ized i n  t h e  i n e r t i a l  frame, 
is given by: 
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(3.17) 

Now from equat ion (2 .2 )  

and from f i g u r e  2 . 1  

t r, = {-ro s i n  Do, 0 ,  -ro cos Do} 

where 

(3.18) 

(3.19) 

Do 'L dev ia t ion  of t h e  normal a t  the  base po in t  

Do = e sin2Lo 

Thus s u b s t i t u t i o n  of equat ions (2.61,  (3.181, and (3.19) i n t o  equa- 
t i o n  (3.17) y i e l d s  t h e  des i r ed  expression f o r  rzi: 

(3.20) 

W e  so lve  f o r  r i n  equat ion (3.17) by not ing t h a t  from t h e  expression 
f o r  - r i n  tangent  coord ina te s ,  equat ions (3.18) and (3.19), 

r2  = ( p x  - ro s i n  D o l 2  + + ( p z  - ro cos ~,)2 
pY 

or 

r 2  N r 2 + p 2  - 2 r o  p z  - 2 r o  px e sin2Lo 
0 

Thus : 
r-l .., -1 (1 - - 1 d- + 2 P + - PX e s i n 2 ~ ~ )  

rO 
= ro 2 r o 2  ro (3  . 21) 

S u b s t i t u t i o n  of equat ions (3.21) and (3.20) i n t o  equation (3.16) 
y i e l d s  : 

P X  P Z  

go ro 0 
s i n  L~ = ( s i n  L + - cos L~ - - s i n  L ~ )  (1 - - r 

W e  can expand t h e  above equat ion as a func t ion  of ALL, where 
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AL = L - Lo 

by not ing t h a t :  

4' 
L = L  + A L  
5r g0 

D = e sin2L, 

which y i e lds :  

AL [ l  + e ( 1  - 3 cos2Lo)l 

- 2  

- - - pX (1 t - pz + 2 e sin2Lo - - 1 - px t a n  L ~ )  

0 If0 ro r 

1 n Lo + AL2tan Lo 

The presence of t h e  t a n  Lo t e r m s  i n  t h e  above equat ion po in t s  o u t  
t h e  w e l l  known f a c t  t h a t  geographic frames are inappropr ia te  f o r  
use i n  po la r  app l i ca t ions .  W e  see t h a t  except  f o r  opera t ion  i n  t h e  
p o l a r  regions,  the,dominant term is t h e  no r th  component of - p .  Thus 
i f  w e  l e t  A L ~  = QYL, 

r02 

2 
PX P Z  

rO +-O ro 
AL = - (1 + - + 2 e  c o s 2 ~ ~ )  - L & t a n  L~ (3.22) 
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We note that for Ip  I < 10 n.m., we can calculate AL using 
.I 

Px 
AL = - 

r0 
(3.23) 

with a maximum error of only about 4 S ~ C .  

3.2.2 Longitude-Radar Relationships 

The derivation of the longitude relationships is again moti- 
vated by geometrical considerations. From figure 2.1, consider the 
projections of zo, 2,  and - r in the equatorial plane: 

i X 

Figure 3.3 Q, Equatorial Plane Projections 

We see from the sketch that: 

D V  
‘.4 sin (E - J ! , ~ )  = 

g r cos L 

Letting 

R - Ro = A R  

and 

(3.24) 
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then 
-1 PX 

A R  = r py sec Lo [l + (- - e sin2Lo) t a n  Lo] 
r0 

But f r o m  equat ion (3.21) I 

Pz PX 2 

rO rO ro 
e s i n 2 ~ ~  - - r o  ( l + - + -  r-l - -a (3.25) 

Thus 

OX pz 1 P2 
rO r0 rO ro 

A R  = sec L, [1 - 2 e  sin2Lo + - t a n  Lo + - - - 7 1  

(3.26) 

N o t e  t h a t  for Py 
ca lcu la t ed  using: 

and Px < 1 0  n.m., t h e  change i n  longi tude can be 

sec Lo (3.27) A R  = - 
20 

PY 

n 
with a maximum e r r o r  of about 4 sec. 
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4. TANGENT FRAME MECHANIZATION 

T h e  f u n c t i o n a l  block diagram for  a strapdown system which 
computes i n  tangent  coordinates  is  shown i n  Figure (4.1). 

Figure 4.1 Tangent Frame Strapdown System 

W e  note ,  of course,  that the  instrument outputs  are i d e n t i c a l  t o  
the geographic frame mechanization discussed previously s i n c e  the 
body frame i s  instrumented by both systems. W e  a l s o  note  t h a t  the 
angular v e l o c i t y  computation is independent of t h e  navigat ion com- 
pu ta t ions  s i n c e  t h e  anqular  v e l o c i t y  of t h e  tanqent  frame w i t h  res- 
p e c t  t o  t h e  i n e r t i a l  fcame is 

4.1 Navigation Equations 

As before, t h e  output  of 

a cons tan t  vec to r -  (see equat ion 2.5) . 

the accelerometers is given by: 

t The computer t ransformation matrix,  sb, i s  then used to  transform 
the s p e c i f i c  force i n t o  tangent  axes: 

t -i - cf. Gi f t  = C .  r .  
-1 - -1 - - 
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W e  can naviga te  with r e s p e c t  t o  t h e  tangent  frame o r i g i n  by not ing  
from Figure (2 .1)  t ha t :  

- r = G + g  ( 4  3)  

S u b s t i t u t i n g  equat ion (4.3) i n t o  equat ion ( 4  . 2) y ie lds :  

S ince  

ri = ro (cos L cos w t, cos L s i n  w t, s i n  L 1, 
90 ie  40 -0 i e  

after d i f f e r e n t i a t i n g  t w i c e  wi th  r e s p e c t  t o  t i m e  and transforming 
t h e  r e s u l t i n g  expression t o  t h e  tangent  frame using equat ion ( 2 . 6 ) ,  
w e  get :  

o i e  

Expansion of cos Lgo i n  terms of Lo and Do, t h e  dev ia t ion  of t h e  
normal a t  the base po in t ,  shows that :  

cos L = cos L, (1 + 2e s in2Lo) .  
g0 

But the  r ad ius  of curva ture  i n  t h e  co-meridian plane a t  the base 
p o i n t  is  given by: 

Thus : 

t - a i  2 
-1 C .  -0 r = r g o  uie COS L, ( 4  5) 
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is  found by d i f f e r e n t i a t i n g  t h e  t 4. An a n a l y t i c  expression for - Ci 2 
quan t i ty ,  ei =' ci. t, t w i c e  w i t h  r e s p e c t  t o  t i m e ,  not ing that  $ = 
Ci fit and t h a t  - fiit = 0: -t -it 

-p 

( 4 - 6 )  
t. ..i -t t .t t .  t t Si Q = e + 'Bit 2 + B i t  .Qit 9 

W e  expand the above equat ion i n  component form by not ing  tha t :  

t -  and W i t  - {uie cos Lo, 0 ,  -uie s i n  Lo}. 

Thus : 

Since G takes on a convenient form when coordinat ized i n  the geo- 
graphic  f r a m e ,  w e  l e t  

Now 

But s i n c e  

and . L rn = {-r s i n  D, 0, -r cos 01, 
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it follows t h a t :  

k u g e  s i n  L cos Lg + cg 

-179 

g 
+ r u l e  cos L cos L 

W e  nex t  want t o  transform equation (4.8) i n t o  t h e  tangent  frame 
such t h a t  w e  r e t a i n  only terms which are g r e a t e r  than 2 x 10'5g. 
The ques t ion  then arises as t o  which vers ion  of t he  Ct matrix should 
be used. I f  w e  assume t h a t  121 < 1 0  n.m., then AL aiid A R  are on 
t h e  order  of 1/344 rad. Thus, f o r  t h i s  case, equat ion (4.8) can 
be transformed using t h e  l i n e a r i z e d  vers ion  of Ct (eq. 2 .10)  s i n c e  
t h e  e r r o r  terms w i l l  be on t h e  order  of e 2 g  or-0.5 x lO'5g. 
t h e  c e n t r i f u g a l  t e r m s  i n  eq. 4.8 w i l l  be e f f e c t i v e l y  cancel led by 
t h e  s i m i l a r  terms i n  eq. 4.5. I n  addi t ion ,  t h e  d e f l e c t i o n  of 
t h e  v e r t i c a l  t e r m s  which have a maximum value of about 3 x 10m4g 
can be neglected when mul t ip l i ed  by e i t h e r  AL o r  A R .  Taking i n t o  
account t h e  above cons idera t ions ,  w e  f i n d  t h a t  f o r  t h e  case of 
lpl < 1 0  n.m., t h a t :  

A l s o ,  
2 

t .- t i  C .  r - C .  G 
-1 -0 -1 - 

+ gAL 

+ gAR 

-g 

cos L 

where it w a s  noted from equat ion (3.25) tha t :  

2 
r 2 ro - p z  - p,esin210 + E- 

T ro 

( 4 . 9 )  

( 4 . 1 0 )  

For t h e  case of l p l  < 1 0 0  n.m., eq. (4 .9)  is modified t o  read: 
.I 

A R  cos Lo qg + gAR(cos Lo - A R  s i n  Lo) + ro uie 1 A t 2  AL sin2Lo - 6 s  + g(AL + 7 sin2Lo) + ro Wie 

1 AL sin2Lo 2 r o  .le -g + g (7 + - cos2Lo) + AL2 A R 2  
t i  I 2 

t e . i  C .  r - C . G  = 
-1 -0 -1- 

(4 .11 )  



- 23 - 

I f  we  now s u b s t i t u t e  eq. (4 .9)  and (4 .7)  i n t o  eq. ( 4 . 4 ) ,  w e  have 
t h e  d e s i r e d  expression f o r  t h e  s p e c i f i c  force i n  tangent  coordinates  
f o r  t h e  case of I p I  < 10 nom. - 

.. * 
s i n  Lo - Sg + g AL 

s i n  L, + i z  cos Lo) + qg + g A 2  COS Lo 

PY Px + 2 W i e  

Py - 2 W i e  X 

P, + 2 W i e  Py cos Lo - 9 

.. 
(i 

.. . 
(4 .12)  

where it w a s  noted t h a t  pwie2 terms i n  equat ion  (4.7) are less than 
2 x 1 0 - ~ ~  f o r  p = 10 n.m. 

The appropr ia te  expression f o r  I p {  < 100 n.m. i s  obtained by 
s u b s t i t u t i n g  eq. ( 4 . 1 1 )  and (4.7)  i n t 5  eq. ( 4 . 4 ) ,  which y i e lds :  

AL2 A R 2  5, + 2 W i e  iY cos Lo - g + g (T + cos2Lo)  

(4.13) 

P 
where it w a s  noted t h a t  AL = -x and A R  u- 3 sec Lo. 

=0 rO 

The procedure t o  be used i n  so lv ing  f o r  2 is  now q u i t e  s t r a i g h t -  
forward, The t ransformation f r o m  body t o  tangent  coordinates  i s  
computed by so lv ing  t h e  mat r ix  d i f f e r e n t i a l  equation: 

' L C  t b  
c b  -b -tb (4 .14 )  

where t h e  angular  v e l o c i t y  between t h e  tangent  and body frames is  
computed f r o m  t h e  r e l a t ionsh ip :  
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b b = w  - w  b 

%b -ib -it (4.15) 

The computation scheme i s  based on t h e  assumption t h a t  t h e  output  
of t h e  accelerometers is given b eq. (4.12) o r  (4.131, depending 
on t h e  magnitude of p. For t h e  < 10 n.m. case, i f  w e  l e t  t h e  
computed s p e c i f i c  foFce coord ina t ized  i n  tangent  axes b e  denoted 
by: 

then 

.. 
s i n  Lo - g AX,, - 

pYC C 
- fxc - 2 w i e  

pXC (4 .16)  

One then performs a double i n t e g r a t i o n  of each of these  equa- 
t i ons .  But f o r  t h i s  case w e  have f r o m  equat ions (3.23) and (3.27) 
t h a t  ALc = ro'l pxc and A R C  = rG1 pyc sec Lo Thus : 

C* 

s i n  Lo = fxc (4 .19)  b Y c  C 
9, + 2 W i e  

.. + -  'xc ro Pxc 

. 
s i n  L, + izc COS L, = fyc ( 4 . 2 0 )  - 2 w i e  (PX, C C PY, + - g C  

.. 
ro pyc 

.. . - gc + 2 w i e  Pyc cos Loc = f Z C  P Z C  
(4 .21 )  

It  is  seen f r o m  t h e  above equat ions t h a t  t h e  g r a v i t y  f i e l d  
vector magnitude, g, must be ca lcu la ted .  W e  t h e r e f o r e  proceed to  
d e f i n e  an a n a l y t i c a l  expression for t h i s  quant i ty :  
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From equat ion (4.8) , 

g g = GD - r u i e  cos L cos L (4.22)  

Now t h e  v e r t i c a l  component of t h e  g r a v i t a t i o n a l  f i e l d  vector can 
be ca l cu la t ed  with an accuracy of about 2 x g using t h e  f o l -  
lowing expression (see R e f  . 1) : 

GD = 5 [l - J ( l  - 3 cos2L)I (4.23) 

where 

E 'L product of t h e  E a r t h ' s  m a s s  with t h e  universa l  g rav i ta -  
t i o n a l  cons tan t  

J z 0 . 8 2 ~ 1 0 - 3  

W e  can s u b s t i t u t e  eq. (4.23) i n t o  ( 4 . 2 2 )  and expand t h e  r e s u l t i n g  
expression i n  t h e  region around the base po in t ,  y ie ld ing:  

where 

go 'L g r a v i t y  magnitude a t  base po in t  

If in1 < 10 n.m., then  the above expression can be s impl i f i ed  to:  

(4.25) 

Thus i n  equat ions (4.19) and ( 4 . 2 0 ) ,  t h e  g r a v i t y  f i e l d  magnitude 
can be  ca l cu la t ed  using eq. (4.25) : 

gc = go (1 + 2 h) (4.26) 
rO 

w h i l e  i n  eq. (4 .21 ) ,  equat ion (4 .24)  must be  used: 
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(4 .27)  

Note t h a t  an e x t e r n a l  i n d i c a t i o n  of Pq# i.e., p Z * ,  is  necessary i n  
order t o  o b t a i n  a convergent c a l c u l a t i o n  of pzc. 

t h e  naviga t ion  system's output: 
The radar information is, of course,  very e a s i l y  r e l a t e d  t o  

s i n c e  
f ined  

these q u a n t i t i e s  are i d e n t i c a l  toihe radar coordinates  de- 
by equat ion ( 2 . 2 ) .  


